Moiré interlayer exciton in transition metal dichalcogenide heterobilayer features a permanent electric dipole that enables the electrostatic control of its flow, and optical dipole that is spatially varying in the moiré landscape. We show the hybridization of moiré interlayer exciton with photons in a planar 2D cavity leads to two types of moiré polaritons that exhibit distinct forms of topological transport phenomena including the spin/valley Hall and polarization Hall effects, which feature remarkable electrical tunability through the control of exciton-cavity detuning by the interlayer bias.
Exciton-polaritons are half-light, half-matter quantum particles formed through the hybridization of photon with exciton in semiconductors, which are of key scientific and technological interest [1, 2] . Atomically thin transition metal dichalcogenides (TMDs) have become a new area to explore polariton physics with excitons in the truly 2D limit [3, 4] , exploiting the strong light coupling and the exotic physics of exciton's valley pseudospin [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
Topological properties of polariton arise from its internal quantum degrees of freedom. The dependence of photon's polarization vectors on momentum introduces a non-Abelian gauge structure that leads to a polarization-dependent anomalous velocity upon passing through medium of inhomogeneous refractive index, i.e. the Hall effect of light [19, 20] . With optical selection rule setting correspondence between spin or valley pseudospin of exciton to the polarization of photon in their hybridization [21, 22] , polaritons can inherit this gauge structure, and the resultant polariton spin/valley Hall effects are discovered in III-V semiconductors and monolayer TMDs in microcavities [14, [23] [24] [25] . With the absence of electric coupling, temperature or density gradient can be exploited to drive the flow of the neutral polariton in these systems [26] . For optoelectronic applications, however, it is desirable to have electrical control on the spin/valley transport of these light-matter hybrid particles.
Interlayer exciton (IX) in TMDs heterobilayers features a permanent electric dipole that enables the desired electrostatic control to direct its flow [27] [28] [29] [30] . This electric dipole further enables the gate tunability of IX detuning from the cavity mode for engineering the polariton dispersions, as well as stronger exciton-exciton interactions [31] . Remarkably, the formation of moiré pattern due to the lattice mismatch and twisting of the heterobilayers leads to a superlattice landscape that endows IX an extra pseudospin, characterizing its trapping at different locales with distinct optical dipoles in a moiré supercell [32, 33] . Various signatures of these moiré IX are recently observed in experiments [30, [34] [35] [36] [37] [38] . With the possibility to reach strong coupling of IX with microcavity photon [32, 39, 40] , the remarkable properties of moiré IX point to a desirable new polariton system.
Here we analyze the fine structures of polaritons formed by the hybridization of moiré IXs in a TMD heterobilayer with photons in a planar 2D cavity. We show that in a moiré superlattice potential there are three IX eigenmodes per valley that feature left-handed inplane, right-handed in-plane, and out-of-plane optical dipoles respectively, which can be selectively coupled to cavity TE and TM modes with the conjugating mode spatial profiles and polarizations. These lead to the possibility to engineer two types of moiré polaritons that inherit gauge structures in different ways from the photon constituents. These moiré polaritons exhibit distinct forms of topological transport phenomena including the spin/valley Hall and polarization Hall effects, which feature remarkable electrical tunability through the control of IX-cavity detuning by the interlayer bias.
We consider here a MoSe2/WSe2 heterobilayer with twist angle ~ 0 • as example. Concerning the momentum conservation in the exciton-photon coupling, it is convenient to start with moiré IX's momentum eigenstates , , i.e. eigenstates of the Coulomb binding between an electron in the valley of MoSe2 and a hole in the valley of WSe2 [33, 39] , being IX's kinematic momentum. The optically bright momentum eigenstates, i.e. the light cones, have = , and centered at nonzero values because of the displacement between electron and hole valleys (c.f. Fig. 1a ). The series of light cones are separated by the reciprocal lattice vectors of the moiré superlattice (Fig. 1b ). The main light cones at = , and ( ≡ − ) have the strongest light coupling, and the others correspond to Umklapp recombination with orders of magnitude weaker optical dipole [39] .
We focus here on polariton formed with the spin-singlet moiré IX, while the spintriplet has a similar structure at a different energy [33] . With the spin-valley locking in 2D TMDs [41] , the IX with = =+ ( = =−) has spin up (down), and will be denoted hereafter as ↑, ≡ , ( ↓, ≡ , 
Here ± ≡ ± √2 ⁄ with , and the three Cartesian unit vectors. ± * and components of the optical dipole couple to the in-plane left-/right-handed circular ( ± ) and vertical linear (z) polarized photon, respectively. Those with spin-down are the time reversal of Eq. (1).
The local-to-local variation in the interlayer atomic registry in a moiré supercell introduces a spatially modulating superlattice potential ( ) acting on IX's center-of-mass degree of freedom [32] (Fig. 1c ). The potential can be well fit by ( ) =
, with a complex number, , the primitive reciprocal lattice vectors of the moiré, and =− − . ( ) then couples a main light cone to its six nearest-neighbor light cones with a strength (Fig. 1b ). 
where is the exciton mass, and can be dramatically tuned by a vertical electric field. For R-type MoSe2/WSe2 heterobilayer, ~ 1.4 eV at zero field, and ab initio calculations give = (−2.0 − 8.9 ) meV [32] . For twist angles ≳3 ∘ , the energy difference between the Umklapp and main light cones is ≥3 ℏ ≥ 50 meV ( Fig. 1d ), much larger than | |, so the Umklapp light cones can be well neglected. has three branches of eigenstates ( Fig. 2a ): 
↑ and ↑ couple to photons with in-plane circular polarizations and , respectively. Whereas ↑ couples to a photon with z polarization (Fig. 2a ). In these eigenmodes in the moiré potential, the IX probability distribution is a periodic function of R maximized at A, B and C locales in Fig. 1c respectively.
A 2D planar cavity hosts two types of modes with the mode profiles ( Fig. 2b )
TE mode couples to and IX eigenmodes of the in-plane optical dipoles. TM mode can couple to both the , IX eigenmodes and the eigenmode with the out-of-plane dipole. It is convenient to use the basis |± ⟩ =
, and are real numbers under a proper gauge choice. Numerical calculations and experimental observations both show that IX transition dipole is about one order of magnitude smaller than that of the monolayer ones [32, 38, 39, 42] . From the measured ~50 meV Rabi splitting values of monolayer exciton-polaritons [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , we estimate that , can reach several meV, while can be ~ 0.5% of the light speed.
The total Hamiltonian for the coupled moiré IX and cavity is schematically shown in Fig. 2c , featuring remarkable tunability. First the coupling strength , sin( ) and ℏ cos( ) can be tuned by adjusting the heterobilayer vertical position. Second, the detuning between the IXs and the cavity photon can be controlled by an interlayer bias. Below we focus on the two cases where the cavity photon is hybridizing with and IX modes, and with mode, respectively.
When cos( ) =0, mode of IX is decoupled from the cavity. The Hamiltonian of such AB-polaritons is
which can be separated into two decoupled subspaces + , ↑, , ↓, and − , ↓, , ↑, related by a time reversal. Fig. 3a-b show the calculated AB-polariton dispersions with the three well separated branches. Each branch is two-fold degenerate.
When sin( ) =0, or when and modes are far red detuned from the cavity (Fig. 2c ), we can just focus on the coupling of mode with the cavity photon. The Hamiltonian for such C-polaritons is
Here , ≡ ↑,
couples to the cavity TM mode, whereas , ≡ ↑, − ↓, √2 ⁄ is dark. The resulted four branches of eigenstates are the cavity TE photon (TE) and dark IX (D), as well as the lower-polariton (LP) and upper-polariton (UP) that are the hybridizations of the cavity TM photon with the bright IX ( Fig. 4a ).
When the IX is subject to an in-plane external force , e.g. the gradient of an interlayer bias, the polariton's momentum is then driven: ℏ ( ) = . = , , , being IX's weighting in the nth polariton branch. As the polariton inherits both the IX spin and photon polarization, the driving force can introduce spin and/or polarization dependent transport, originating from the gauge structures of the photonic component.
For the AB-polariton, we write the two degenerate eigenstates of the nth branch as 
the periodic part of ±,
[43]. The polariton can also inherit the Berry curvature from the IX constituent, but its strength is several orders of magnitude smaller than that from the photon. Hall conductivities for a certain polariton branch can be widely tuned by varying the IXcavity detuning.
In contrast, the C-polariton has a vanishing Berry curvature and thus zero anomalous velocity in each branch [43] . Nevertheless, due to the k-dependence of the TE/TM in-plane polarizations, the momentum-space motion driven by the force can coherently mix TE and TM, leading to a k-dependent circular polarization 〈 〉 . Unlike the anomalous Hall velocity of the AB-polariton, the topological nature of C-polariton manifest in this nonequilibrium polarization 〈 〉, which, combined with the group velocity ℏ , , results in a polarization current. Analysis shows that the finite Berry curvature of the AB-polariton originates from the k-dependence of the vertical electric field for the cavity TM mode (see Eq. (4)), whereas 〈 〉 of the C-polariton originates from the k-dependence of in-plane directions of TE/TM polarizations [43] . Note that both 〈 〉 , and 〈 〉 , are proportional to , , which is the product of the IX and photon fractions. This implies that those strongly hybridized polaritons contribute most significantly to polarization current, as the driving force only affects IX component whereas the gauge structure comes from the photonic component. In Fig. 4b-c we show 〈 〉 , ⁄ and 〈 〉 , ⁄ as functions of k when F is along the y-direction. Note that the above result doesn't apply to →0or very large k value. For these two limits either ℏ − , →0 or , −ℏ →0, and our perturbative treatment breaks down.
The total polarization current depends on the polariton k-space occupation. If the occupation is isotropic, then the current direction is perpendicular to the driving force, which corresponds to a polarization Hall effect. On the other hand, one can selectively excite a polariton branch at given k by choosing the frequency and incident direction of the excitation, and the resultant polarization current can be non-perpendicular to F. 
Here ( ) =ℏ ( )is a time-dependent in-plane Zeeman field with ℏ ( ) = . The last term accounts for the spin anisotropy, and we have dropped the irrelevant dark IX. The dynamics of the spin orientation is described by
is a small damping parameter. This model is similar to the 2D electron system with Rashba spin-orbit coupling, where the electron feels a k-dependent in-plane Rashba field. When the in-plane Zeeman field varies with time, the spin orientation doesn't fully follow the instantaneous direction of the field but acquires a non-equilibrium z-component 〈 〉 [44] .
Rayleigh scattering of UP and LP can also cause 〈 〉 to develop in different scattering directions, similar to that observed in a GaAs/AlGaAs microcavity [23, 24] . It is expected that the Rayleigh scattering conserves the polarization of the photon component while changing the momentum of polariton [23, 24] . Because of the k-dependent polarizations of TM and TE, a C-polariton initially on eigenstate will be scattered to the superposition of split eigenstates, whose time evolution then causes the emergence of a finite 〈 〉. In Fig.  4d we show the calculated emission circular polarization as functions of scattering angle Δ for six initial states (assuming 1 ps cavity photon lifetime). Generally, the polarization generated by Rayleigh scattering shows a superposition of two terms with sin(Δ ) and sin(2Δ ) angular patterns, respectively [43] . When , −ℏ =ℏ − , the sin(2Δ ) term vanishes and 〈 〉 ∝ sin(Δ ) (Fig. 4d ). 
Supplemental Materials for "Electrically tunable topological transport of moiré polaritons" I. Non-Abelian gauge structure of a multi-band system
We consider a multi-band system in the form of the Bloch functions , ( ) = ⋅ , ( ), with = 1,2, … , the band index and k the wave vector. , is the periodic part which describes the internal structure of the band. These bands are orthogonal but not necessarily to span a complete basis. The momentum-space gauge structure of this multi-band system can be described by the non-Abelian Berry connection, which is in an × matrix form
When these bands are well separated in energy, then under a weak external perturbation the motion of a state can be well restricted to a certain band (i.e., the adiabatic limit). Focusing on this band, it has a gauge-invariant Abelian Berry curvature , =∇ × , = , × , , which acts as a magnetic field in k-space. The equation-of-motion for a state with an Abelian Berry curvature has been well studied [1] . It is known that a transverse anomalous velocity , × emerges under an external driving force F, which leads to the anomalous Hall effect.
On the other hand if the bands are close in energy or have degeneracies, then we can define a non-Abelian Berry curvature ⃖ ⃗ =∇ × ⃖ ⃗ − ⃖ ⃗ × ⃖ ⃗ which is also an × matrix. It's easy to show that, if the considered bands are complete, i.e., ∑ , , = 1, then the non-Abelian Berry curvature vanishes: ⃖ ⃗ =0. Below we briefly analyze the effect of such non-Abelian gauge structure to the dynamics of the state.
Under the perturbation of an external force, the Hamiltonian becomes
is the unperturbed Hamiltonian with , the band energy. The second term contains the position operator , which then requires the knowledge of the r-matrix element Multiplying both sides by ( ) and integrating them over , we get
In the above result we have used the fact that ( ) ≈ ( − ) so ∫ ( ) ( ) ≈ We can see that the pseudospin vector ⃑ satisfies
Here ⃡ ≡ diag , , , ,… , is the diagonal matrix form of the unperturbed Hamiltonian, and is the off-diagonal parts of the non-Abelian Berry connection ⃖ ⃗ .
⃡ − • − • then acts as an effective Hamiltonian which governs the pseudospin dynamics under an external driving force. ⃑ will eventually fall on an eigenstate of ⃡ − • − • , as the pseudospin precession gradually damp out. Note that it is the off-diagonal parts of the non-Abelian Berry connection, i.e.,
, that leads to the deviation of the pseudospin to the unperturbed one, even though the non-Abelian Berry curvature can be zero ( ⃖ ⃗ =0).
From the solved pseudospin vector ⃑ , the wavepacket center-of-mass motion can be obtained
On the right-hand-side of the last line, the first term is the trivial group velocity (≈ , ), and the third term is the anomalous Hall velocity. In the single band ( =1) or fully degenerate case ⃡ becomes an identity matrix so the second term vanishes, and the resulted Eq. (S2-S3) is the same as the previously obtained ones [1] . B e l o w w e a n a l y z e s e v e r a l m u l t i -b a n d s y s t e m s a n d g i v e t h e i r n o n -A b e l i a n B e r r y connections, as well as the corresponding Abelian or non-Abelian Berry curvatures.
(1) Cavity photon
For a cavity formed by two perfectly reflecting parallel-plate mirrors, the cavity photon wave vector is quantized in the out-of-plane (z) direction, i.e., = ⁄ with L the cavity length and m an integer. For each given , the electric field inside the cavity can be expanded as The k-dependences of , and , lead to the internal gauge structures of the cavity photon, described by a non-Abelian Berry connection which is a 2x2 matrix
The two cavity photons are degenerate, and the corresponding non-Abelian Berry curvature is The cavity photon non-Abelian Berry connection and curvature under the circular basis are diagonal:
Here we would like to point out that the above non-Abelian Berry curvature originates from the k-dependence of the vertical (z-component) electric field for the cavity TM mode. (2) AB-Polariton When the heterobilayer is placed at a vertical position with cos( ) =0 and |sin( )| =1, the cavity photon only couples to and interlayer excitons with in-plane transition dipoles. The polariton dispersion consists of three doubly degenerate branches as shown in maintext Fig. 3a-b . For the nth branch (n = 1,2,3), the polariton states can be written as 
.
Since the three polariton branches of , are well separated in energy (see Fig. 3a -b in the maintext), the nth polariton branch then has an Abelian Berry curvature 
